INTRODUCTION
In the present paper, we show that in Wesson's Space-Time-Matter theory (1) (STM) the 5-dimensional manifold (bulk) is a Weyl space rather than a Riemannian one.
From the cognitive point of view, the main achievement of the STM, known also as the Induced Matter Theory (IMT), is the successful explanation of the geometric origin of matter. Therefore, we consider first some points concerning the geometry matter interdependence.
Matter and field are basic concepts of classical field theories. They play a fundamental role in the general relativity theory (2) , where the Einstein tensor 
According to Eq. (1), a given distribution of matter (-sources) determines the geometric properties of space-time. One can regard this as the creation of space-time geometry by matter. Now, one can read Eq. (1) in the opposite direction, and expect for the creation of matter by geometry. The existence of this reverse process would fulfill one of Einstein's dreams. Sixty-six years ago Einstein and Infeld (3) wrote:
"Could we not reject the concept of matter and build a pure field physics? … We could regard matter as the region where the field is extremely strong."
However, what has brought matter into being? There are many interesting works dealing with this problem. In the fifties Wheeler (4) introduced the concept of electromagnetic geons, massive entities created by spatially confined fields. Later
Wheeler and Power (5) introduced the thermal geon. Geons were included by Misner and Wheeler also in their Geometrodynamics (6) , which describes gravitation and electromagnetism in terms of geometry.
During the last 50 years the origin of mass was discussed in many interesting works. In 1974 G. 't Hooft (7) showed that in gauge theories in which the electromagnetic group is a subgroup of a larger group, like SU(2) or SU(3), massive magnetic monopoles can be created as regular solutions of the field equations. Later, Gross and Perry (8) found in the framework of a 5-dimensional Kaluza-Klein theory regular static and stable soliton solutions, which correspond, upon quantization, to particles; these solitons include massive magnetic monopoles.
There must be given attention to classical gauge theories, where the electromagnetic or the Yang-Mills field arises from connections on U(1) or SU(2) -principle bundles over the space-time manifold {M}, while the gravitational field arises on the GL (4) principal frame bundle over {M}. One can adopt the standpoint that all nongravitational fields should somehow uniquely determine the gravitational field and its mass (9) . Among other interesting theories that appeared in the middle of the eighties, there is a successful elegant Yang-Mills field theory of gravitation presented by H.
Dehnen et al. (10) . This theory is based on a unitary phase gauge invariance of the Lagrangian, where the gauge transformations are those of SU(2) x U(1) symmetry of the two spinors. In the classical limit this microscopic theory results in Einstein's theory of gravitation.
Some years ago in an interesting work C. S. Bohum and F. I. Cooperstock (11) issued from the Lagrangian of quantum electrodynamics. Recently classical models of elementary particles were presented by O. Zaslavskii (12) . These are built up by gluing the Reissner -Nordstrǿm metric (or the Kerr -Newman black hole) to a static (or rotating) Bertotti-Robinson core. Now, according to classical general relativity the most attractive scenario would be creation of massive matter by geometry. However, as it was shown in the nineties by Cooperstock et al. (13, 14) no gravitational geon can exist in general relativity based on Riemannian geometry. Thus, in order to get matter creation by geometry we must turn to a more general framework than the four dimensional (4D) Riemannian one.
There exist various extensions of Einstein's framework possessing massive matter stemming from pure geometry. Some years ago, the present writer proposed an integrable Weyl-Dirac theory (15) . This has to be regarded as a version of the WeylDirac (W-D) theory, which is an elegant 4D unification of Einstein's GTR and electromagnetism. The enlarged W-D theory is based on Weyl's geometry (16, 17) modified by Dirac's action principle (18) , and by Rosen's approach (19) , the latter allowing to regard the Weyl vector field as creator of massive particles. It is worth noting that a recently proposed Weyl-Dirac Torsional Massive Electrodynamics (20) possesses massive photons and magnetic monopoles.
In the Integrable Weyl-Dirac theory (15, 21) , a spatially confined, spherically symmetric formation made of pure geometric quantities is a massive entity (22) . At the very beginning the matter universe was created by an embryonic egg made of pure geometry. After the matter universe was born, the geometry stimulates cosmic matter production during the expansion phase and form dark matter and quintessence in the accelerating universe (21, 23) . Ten years ago Novello (24) proposed a different approach of Weyl's geometry the Weyl Integrable Space-Time (WIST) that leads to interesting results in cosmology.
Another extension of Einstein's theory is based on the idea that our 4D space-time is a surface embedded in a 4+m (m>0) dimensional manifold. Proceeding from this idea Kaluza (25) proposed a unification of electromagnetism and gravitation in the frame of a 4D hypersurface embedded in a 5-dimensional (5D) manifold. Suggesting that the fifth dimension has a circular topology Klein (26) imposed the cylindricity condition and completed the Kaluza theory. In the Kaluza-Klein theory, the fifth coordinate 4
x plays a purely formal role and the components of the 5D metric tensor do not depend on 4 x . In 1938 Einstein and Bergmann (27, 28) presented a generalization of the Kaluza-Klein theory. In this work the condition of cylindricity (that is equivalent to the existence of a 5D Killing vector) is replaced by the assumption that with regard to the fifth coordinate the space is periodically closed. In the EinsteinBergmann version the fifth dimension has a physical meaning.
The Kaluza-Klein idea of extra dimensions, where ordinary matter is confined within a lower dimensional surface, has received an enormous amount of attention during the last decades. There must be noted the early works of Joseph (29) , Akama (30) , Rubakov and Shaposhnikov (31) , Visser (32) . The basic works of Randall and Sundrum (33) , as well the works of Arkani-Hamed et al (34) , who suggested that ordinary matter would be confined to our 4D universe, while gravity would "live" in the extended 4+m dimensional manifold, played a key role in the further development of Kaluza-Klein theories. A list of relevant papers is given in Rubakov's recent review (35) . .
On a revised Kaluza-Klein approach is based Wesson's theory (1) , in which the physical matter of the 4D space-time is created by the geometry of a 5D bulk. Basic concepts and approaches of this remarkable theory as well applications to cosmology were developed during the last ten years in collaboration by Liko, Lim, Liu, Overduin, Ponce de Leon, Seahra and Wesson (1, (36) (37) (38) (39) (40) (41) (42) (43) (44) (45) (46) (47) (48) (49) (50) . shown that the 5-dimensional empty bulk must be described by Weyl's geometry.
In the present work, the following conventions are valid. Uppercase Latin indices run from 0 to 4; lowercase Greek indices run from 0 to 3. Partial differentiation is denoted by a comma (,), Riemannian covariant 4D differentiation by a semicolon (;), and Riemannian covariant 5D differentiation by a colon (:). Weylian derivative in a 5D space is written as A ∇ , and in 4 dimensions one writes µ ∇ .
EMBEDDING A 4D SPACE-TIME IN A 5D MANIFOLD. THE FORMALISM
This section contains a concise description of the general embedding formalism. The notations as well as the geometric construction given below accord to these given in recent works of Sanjeev S. Seahra and Paul Wesson (cf. (47, 48) ).
One considers a 5-dimensional manifold { M } (the "bulk") with a symmetric metric 
On the other hand the 5D vector may be written as
Actually, (8) is a decomposition of A V into a 4-vector µ V and a part normal to l Σ .
Further, the 5D metric tensor,
, and the 4D one, . (10) Details may be found in (1, 47, 48) .
PARALLEL DISPLACEMENT IN WEYL'S GEOMETRY
In the next section parallel displacement on a brane in the IMT will be considered.
Here we recall the cardinal idea of Weyl (16, 17) . . (12) From (11) and (12) one obtains the following change of the length
If the vector is transported by parallel displacement around an infinitesimal closed parallelogram the total change of its length according to (11) and (13) is
where
is the Weylian length curvature tensor, which in the Weyl-Dirac theory is identified as the electromagnetic field tensor. Thus, in this geometry 0 ≠ ∆V
. If a vector having the length initial V has been transported round a closed loop, and arrived at the starting point, the new length according to (14) will be
with S being the area confined by the loop, and 
where ( ) ν λ y is an arbitrary function of the coordinates; the metric tensor changes as
and the Weyl connection vector changes according to
The gauge transformations may be represented by an arbitrary positive function, the Dirac gauge function ( ) µ y Ω that changes as
so that (16 -19, 21) .
.
PARALLEL DISPLACEMENT IN THE STM THEORY
A vector M V in the 5D bulk has a 4-dim. counterpart in l Σ , the vector µ V . These two vectors are related by equations (7) and (8) . Let us consider an infinitesimal parallel
The change of the length ( ) 
In the decomposition (24) 
One can consider the displacement (26) as consisting of three parts: 
This may be rewritten as 
Making use of
, we obtain from (31) the change of the squared length of the 4-vector:
For a moment, let us go back to the 4D Weyl-Dirac geometry. From (13) we have for the change of the squared length of a vector
Although relations (32) and (33) 
THE WEYL-DIRAC FORMALISM ON THE BULK
In light of the non-integrable induced geometry on 4D branes, it is justified to reconsider the geometry of the bulk. In Wesson's 5D induced matter theory, one regards the bulk as pure geometry without any additional fields. The geometry is described by the metric tensor AB g . Thus, the principal phenomenon, which carries information is a metric perturbation propagating in the form of a gravitational wave.
In order to avoid misinterpretations one must assume that all gravitational waves have the same speed. Therefore, the isotropic interval 
so that the vector's length ( )
will be changed by
In the Weyl framework, if a vector A V is transported by parallel displacement round an infinitesimal closed parallelogram one finds for the total change of the components 
From (36) one obtains the change in the length after a displacement round an infinitesimal parallelogram (cf. (14)) 
and the 5D Riemannian one
Making use of (34) and (41) 
and the curvature tensor given by equation (38) as 
and also obtain the 5D Weylian curvature scalar
:
with L ABL AB R g R ≡ being the 5-dimensional Riemannian curvature scalar.
Following Dirac (18) we shall derive the field equations in the 5D bulk from a variational principle 0 
It is convenient to denote
. Then, making use of the above mentioned terms, 1) -4) and discarding perfect differentials we obtain the action integral
Considering the variation of (47) [ ] 
THE EQUATIONS ON THE 4D BRANE
In order to obtain equations of gravitation in the 4D brane we can make use of (49) and of the Gauss-Codazzi equations. The latter may be found in textbooks on differential geometry as well in works of Seahra and Wesson (47, 48) . The 5D
Riemannian curvature tensor ABCD R is related to the 4D one αβγδ R by the Gauss
where αβ C is the extrinsic curvature of the 4D brane l Σ in the 5D bulk (cf. (30) .
There is also the Codazzi equation 
Following (47, 48) we denote
and introduce the contracted quantity (cf. (A-5))
Then from (54) we obtain
[ ]
with λσ λσ R h R ≡ being the 4D curvature scalar, and
From (49), (50) one obtains the 5D Ricci tensor 
In addition to the notations given in (56), (57), we introduce the following:
, and
We also recall that
. Finally, substituting expression (60) and its contraction,
, into equations (58, 59) and making use of (A-6) -(A-12) we obtain the 4D Einstein equation 
so that from the current conservation law we have the condition ( )
In the Einstein gauge, 1 = Ω , one has from (62) and (63) 
If we for a moment assume that 0 = ε , we obtain from (70) the equation
This may be regarded as describing a universe filled with the Dirac gauge function and a cosmological term.
DISCUSSION
In the present paper, we have discussed Wesson's Induced Matter Theory (cf. (1, 47, 48) ) and proposed a Weyl-Dirac version of this theory. This non-integrability of the induced 4D geometry justifies revising the geometry of the bulk. It is shown in the present paper that the pure geometric 5D bulk is a
Weylian space rather than a Riemannian one. Therefore, we have built up a Weyl- 
and (63) may be written as
Further, we can turn to the Einstein gauge ( In cosmology (62b), (63b) present a universe filled with radiation and induced matter. electromagnetism. It also may be very useful for obtaining theoretical scenarios that involve dark matter and quintessence, as well for singularity-free cosmological models. These problems will be considered in subsequent works.
Finally, it must be pointed out that in the proposed framework one is faced by the non-integrability of length, which causes difficulties in fixing measuring standards.
There are, however, ways of overcoming this obstacle, so that one can define a unique measuring standard. Suitable procedures are developed in a forthcoming paper. 
The variation of the second term in (48) 
For the third term we obtain ( ) 
2) Below are given some simple relations, which were used in the process of deriving the 4D Einstein equation (62). .
(A-12)
3) In order to get from (51) its 4D counterpart we prove first the following simple relation: From this one easily obtain the Maxwell equation (63) with arbitrary gauges.
APPENDIX B
In this section we consider some details concerned with Weylian differentiation.
There is a simple relation between the 5D and 4D Weylian connections (cf. (47, 48) ). Instead of A V we consider its 5D projection Here the effect of the bulk is eliminated. This is not astonishing, as we have taken the projection on the hypersurface instead of the vector itself.
